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Abstract 

In this paper, making use of the method developed by Catlin and Catlin-Cho, we study the 
L 2 -estimate for the mixed boundary conditions on a lunar manifold with the mixed boundary 
conditions. 
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1 Introduction 

In this paper, we study the <9-equation for (0, g)-forms on a special type of non-smooth domain 
S^>, called a lunar domain, in a complex manifold with mixed boundary conditions. The 
domain we are considering here has two pieces of the boundaries M and Mi intersecting 
highly tangentially along a smooth real-submanifold E. We assume that Mq has at least 
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(q + l)-positive Levi eigenvalues or (n — q + l)-negative Levi eigenvalues. Assume Mi has the 
opposite property for the Levi eigenvalues as that for M . We impose the Dirichlet boundary 
condition on Mo and the (9-Neumann boundary condition on M\. We introduce a Hermitian 
metric over such that E can be treated as the infinity of S^. We will establish an L 2 - 
estimate and derive a Hodge-type decomposition theorem in this setting. 

(9-equations over such a special type of non-smooth domains, with mixed boundary condi- 
tions, are of fundamental importance in understanding many geometric problems. In the deep 
papers of Catlin [Cat], Cho [Cho] and Catlin-Cho [CC], such equations played a crucial role for 
studying various extension problems for CR structures, which are directly linked to the local 
embedding problem of abstract CR manifolds with certain signature conditions. In a paper 
of Huang-Luk-Yau [HLY], solving such a (^-equation for (0, 2)-forms also played an important 
role for the study of various deformation problems for compact strongly pseudoconvex CR 
manifolds of at least five dimension. In the work of Catlin [Cat], Catlin-Cho [CC] and Cho 
[Cho], the domain encountered is only assumed to be sitting in an almost complex manifold. 
However, the domain is uniformly scaled such that it is sufficiently close to Mq. In this specific 
setting, Catlin proved that there is no cohomology obstruction for solving the 9-equations. 

In this paper, we will study the above mentioned <9-equation, with the mixed boundary 
conditions, without any scaling of the domain . Then one does not expect the <9-equation is 
always solvable. However, we will show that the obstruction is of finite dimension. Though 
we basically follow the approach of Catlin [Cat] and Cho [Cho], one key point in our paper 
is that we use the property close to the non-smooth corner near E and a different weighted 
metric near E to avoid the difficulty which was circumvented in [Cat] , [Cho] only by uniformly 
shrinking the lunar domain toward M . 

9-equations with various boundary conditions are the basic tools to work on many geo- 
metric or analytic problems in Several Complex Variables and Complex Geometry. There is 
a vast amount of work done in the literature. Here, we only refer the reader to the books by 
Kohn-Folland [KF], Hormander [Ho2], Chen-Shaw [CS], and Demailly [DE], as well as, many 
references therein. 
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2 Basic set-up and statement of the main theorem 

Let M be a smooth hypersurface of real dimension 2n — l(n > 3) in a complex manifold X of 
real dimension 2n. Let <^ G C°°(M) be a function such that d<p(x) 7^ when v?(x) = 0. Write 
K = {x G M| > 0}. Assume K CC M is bounded domain in M with smooth boundary 



For a sufficiently small e > 0, defined M e ° := {x G M, \<f(x)\ < e }. Suppose that there 
exists a tubular neighborhood AC of M e ° in X and a C°° map $ such that $ : A4 —> M e ° x 
(-2, 2) is a diffeomorphism with M e ° mapped to M e ° x {0}. Write Q eo = M e ° x (-2, 2), £ = 
$*(T 1,0 jV eo ), where T 1,0 M eo is the holomorphic tangent bundle of ftf eo . Then (fi eo ,£) is a 
complex manifold biholomorphic to (J\f eo ,T lfi J\f eo ). Also (M e ° x {0}, C\ M ^ x{Q} r\CT(M t0 x {0}) 
is a real hypersurface in Write S = £\ M 'ox{o} H CT(M e ° x {0}) which is the Ci? 

bundle of M e ° x {0}. In what follows, when there is no risk of causing confusion, we identify 
AC with eo , M e ° with M e ° x {0} and objects defined over N eo with those corresponding ones 
over eo . 

Define r(x,t) = t(p~ 4 (x). Assume is a bounded domain in X with two pieces of 
connected boundaries M := M n {y? > 0} and M 1; whose closures intersect M tangentially 
along £. Moreover, S^, nJV e „ := {(x,t) G ^ eo |<^(a;) > 0, -1 < r(x,*) < 0} and Mi n M = 
>0,r(x,0 = -l}. 

Equip X with a Hermitian metric. For any x £ M) or x G M 1; let {Lj}™ =1 be a smooth 
orthornormal basis of the cross sections of T^ 1,0 \W(xo)), where W(xq) is sufficiently small 
neighborhood of xq in the ambient space. Let {co>j}™ =1 be its dual frame. Assume that Lj are 
tangent to Mo or Mi, when restricted to Mo or Mi, for j ^ n, respectively. For a (0, g)-form 
with < q < n 



defined in the side of W(xo) nM or of W(xo)nMi, inside S^, that is smooth up to M or Mi. 
We say U satisfies the d-Dirichlet condition along M if Uj\m = whenever J = (ji, • • • ,j q ) 
with j q 7^ n. We say U satisfies the <9-Neumann condition along Mi if Uj\m 1 = when 
jg = n. Apparently, this definition is independent of the choice of the Hermitian metric over 
X. Indeed, one only needs a smooth Hermitian metric over Stp \ E to define the Dirichlet or 
Neumann boundary conditions along Mq and M\. 



E = { V = 0}. 





jl<32<-<jq 
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Following Catlin in [Cat], we write £ c for the collection of smooth (0, q) -forms with 
compact support in \ E. Write B+(S^>) for the subset of 8f ,q \ whose elements satisfy 
Dirichlet boundary condition along M. Write B q _{S^) for the subset of S^°' q ^ whose elements 
satisfy the <9-Neumann boundary condition along M\. Now, we will use the specific Hermitian 
metric over to be defined in (13.41) of Section 3, that is smooth up to the boundary M Q UMi\E 
and blows up at a suitable rate when approaching their intersection E. We define L 2 Q q ^(S e °) 
to be the space of (0, g)-forms with coefficients being L 2 -integrable with respect to this metric. 
We extend the <9-operator to the L 2 -space in the following way: 

We say that U G L 2 0q JS^) is in the domain of the operator T with TU — F if for any 
V G S! +1 (S'^ ), we have (U,dV) = (F,V), where d is the standard formal adjoint operator 
of d. Similarly, we define S : L 2 0(? _ 1) (^ ) ->■ L 2 , Qq) {S e °) and let T* and S* be their Hilbert 
space adjoints. We define Q(U, U) = \\TU\\ 2 + \\S*U\\ 2 to be the Q-norm associated with the 
operators T and S*. 

In [Cat] and [Cho], to study the extension of CR structure of M, the authors obtained a 
standard L 2 -estimate with respect to the <9-operator with mixed boundary condition when the 
thickness of is sufficiently small. (See [Corollary 7.10, Cat]). 

In this paper, we consider the L 2 -estimate with respect to a (^-operator with mixed bound- 
ary conditions. However, the thickness of S^> can be arbitrary. Define N + (K) (respectively, 
N~(K)) to be the largest m > such that the Levi form has at least m positive (respectively, 
negative) eigenvalues at each x G K with respect to the domain S^. Define N + (Mi) (respec- 
tively, N~(Mi)) has the same meaning as for N + (K) (respectively, for N~(K)) with respect 
to S^, too. Then our main theorem is the following: 

Theorem 2.1. Assume the above notations and definitions. Assume that N + (K) > q + 1 or 
N~(K) > n — q+1. Also assume that we either have N~(M\) > q+ 1 or N + (Mi) > n — q + 1. 
Then there exists a neighborhood V Cj o,i of the boundary of in S^p and a constant C > 
such that for any U G L 2 Q JS^) with U G Dom(T) n Dom(5*), it holds that 




(2.1) 



where F is a certain fixed compact subset of S[ 
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Corollary 2.2. Write H^' q \S^) for the quotient space N T /R S with N T = {U : U E 
Lt JSg), TU = 0} and R s the image of the operator S. Then H^(S^) = N T /R S is 
of finite dimension. 

3 Existence of the special frames on S^, near E 

For the proof of Theorem 12 .1[ we follow the approach in Catlin [Cat] and Catlin-Cho [CC]. 
However, we need to choose a different weight of blowing up for the metric near the singular 
set E of the boundary to deal with the difficulty caused by not shrinking the thickness of the 
lunar domain. This also requires the modification for the choice of the special frame to study 
the L 2 -estimates later. For convenience of the reader, we give a detailed exposition on the 
choice of the frame in this section. 

Let M to near E be defined by the defining equation t = t . Define r\ = — ~(idt — idt) near 
E. Then r] is a real-valued 1-form and is a contact form along each M t near E. Let Xq be a 
real- valued smooth vector field tangent to M near E such that (77, X ) = 1 over M near E. 
Extend X to a neighborhood of E in eo , independent of t, and scale X if needed. Then we 
can get a real-valued smooth vector field Xq in a neighborhood of E in such that near E 



We assume, without loss of generality, that the Levi form of M is defined by \Z—1t]([Xi, X2]), 

X\,X 2 G S. Write S( X f) for the subspace of C[x,t) that are tangent to M t near E. Set 
Y = —Jc{X ), so that X + \/—1Yq is a section of C that is transversal to the level set 
t. Let G : Q eo f]0(E) fi eo H 0(E) be a diffeomorphism such that G fixes M D 0(E) and 



Here we write 0(E) for a small neighborhood of E in eo . Since dt(Jc(X )) always has the 
same sign (If not, Xq + y/—lYo is a section that tangents to the level set), we may assume 
that dt(Jjc(X )) < 0, thus dt(Y ) > along M . Hence G preserves the sides of M . Then 
Z = — \/— 1G*(X + y/—lY ) is a global section of S^ near E such that along M 



(r],X ) = 1 and X (t) = 0. 




G»y |(*,o) = ^\(x,o),x eMnO(E). 




(3.1) 
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We write Z = X + g(x,t)^ where Xt = 0. Then we set Z n = X + f t near E with X = 
g~ 1 (x 1 t)X . Notice that along M near E, we have Z n = — \J — LXo + J^, and dt = \{dt + 
\/— T77) + — \/— T77) which implies that <9i = + yZ—lrj) over M D 0(E). We see that 
dtQX^Xj) = ^ri([X lt jQ) for all X 1; X 2 G 5 near £. We define a subbundle of £ on S£° 
by setting 

7^ = {L G £ ( *, t) |I> = 0, r = tyr 4 (a;)}. (3.2) 
Clearly the map defined by 

(L) = L — L{r){Z n rY l Z n , L G 5 (aS)t) , (3.3) 

where Z„(r) = (^(x) -4 (1 + (— At)ip{x)~ l XLp{x)) defines an isomorphism of S := \J( x ,t)mES(x,t) 
onto 1Z := U( x ,t)&ER(x,t) We fix a smooth metric <, > that is Hermitian with respect to the 
structure £ on Q eo with < Z n , Z n > = 1 near E. We define a new Hermitian metric <, > on 
\ E such that near E we have the following relations : 



< HiU), H(L 2 ) > = ¥~ 4+ \x) <L U L 2 > , L ± , L 2 G S 

<H(L 1 ),Z n > = 0,L 1 eS (3.4) 

<Z n ,Z n > = V - 8+2 \x) 

where A is a constant with < A < \. We now show that near E can be covered by special 
coordinate systems such that on each chart there is an orthonormal frame of C that satisfies 
good estimates. This is fundamentally important for it then helps to reduce the uncompact 
situation to more or less the compact situation. Comparing with the weight in [Cat], we add 
ip x to take care of the trouble created from the corner near E. 

Proposition 3.1. On S^> , for any Xq G M with < <p(xo) <C 1, there exists a neighborhood 
W(xq) C \ E with the following properties: 

(i) On W(xq), there are smooth coordinates yx, . . . , y 2n so that 

W(x ) = {y : \y'\ < a , -<p\x ) < y 2n < 0} , (3.5) 

where o"o is a constant independent of Xq to be determined later. Also y' = (yi, . . . ,y 2n -i) is 
independent oft and y 2n = tif~ A (x)ip :K (xo). Mq D W(xq) and Mi D W(xq) correspond to points 
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in W{xq) with y 2 n = and y 2n = — (p x (x ), respectively. Moreover, the point x corresponds 
to the origin. 

(ii) On W(xq), there exists a smooth orthonormal frame L\,--- ,L n for £ such that if 

2n 2n 

u 1 ,--- ,co n are the dual frame, and if L k and co k are written as J^bkj-j^p and J^dkjdyj, 

3=1 3 3=1 

respectively, then 

sup {\D«b kj {y)\ + \D a y d kj {y) |} < C H , b k2n = for k ^ n. (3.6) 

yew(x ) 

where C\ a \ is independent ofxo,j,k. 

(Hi) If di < c?2 < ■ ■ ■ < ^n-i ore i/ie eigenvalues of the Levi form \/—lr)([Li, at xq, 
then at every point x G W(xq), we have the following estimates, which are uniformly on Xq: 

u n ([Li,L]})(y) = O(a ),i^j,i,j < n, 
co n ([L v L-})(y) = dj + O(a ),j < n. 

(iv) For each sufficiently small a^, there is a countable family {W(x a )} such that it covers 
a fixed open subset defined by {0 < (p << 1} of M and for any point p G K \ E in this open 
subset, there are at most N elements from this family that contain p. Here N is independent 
of the choice of p and o~q. Moreover, for each a, there is a function £ a G C^°(W(x a ) D M) 
such that Yl a ^a = 1 an d the differentiation of £ a with respect to the y' -coordinates is bounded 
by C/ao with C a fixed constant independent of x a and uo- 

Proof. The proof of this proposition is similar to that in [Cat], though adding a new scale 
ip(xo) x requires modifications. For convenience of the reader, we include all the details. First, 
there exits a finite number of coordinate charts V^, v = 1, • • ■ , N in M that cover K near E in 
M such that on each V' v there exists coordinates (xi, . . . , X2 n -\) with Qx ® - = —X at all points 
in Vy. Also, VI is defined by \x'\ < e\ for a certain fixed small e\ > 0. Define V v := V„ x [0, —1] 
and set on V v xm = t, Xk(x',t) = Xk(x'), k < 2n for x' G V„. We can assume that there exists 
an orthonormal frame {L^}^^ of S with respect to the former fixed Hermitian metric <, >o of 
C in V v . Let L v n = Z n . For any point x G M with < <p(x ) « 1, by the Lebesgue covering 
lemma, we can assume that xq G V v for a certain v with |a:'(xo)| < £2, where < e 2 < ei 
is independent of Xq. We can define an affine transformation C^ : M 2n — > R 2n so that if 
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(x' Q , 0) G M 2n is the coordinates of x , then 

Cx ( X ' i x 2n) — (Px { x ~ x 'o)i x 2n)i (3-8) 

where P xo is a (2n — 1) x [2n — 1) constant matrix such that in the new coordinates x = 
(xt, ■ - ■ ,x 2n ), we have 

d d 

L k\x = -KZ \ x ~ V-l-sz— Uo) (1 < < n - 1), 

g (3-9) 

Also the domain where x' is defined contains a fixed ball centered at the origin for any choice 
of x . Notice that the second equality implies that X |( x / ) = — di d J ( x ',o) at all points of 
M fl V v . Hence, along M n V v , 

d d 



K\M) = V^g—h^o) + ^—l^-o)- (3-10) 

We now define a new coordinates y — (yi, - ■ ■ , y2n) by means of a dilation map D XQ : IR 2n — > 
R 2n . Set 



(3.n; 



y = D X0 (x) 

= [<P~ 2+ H X 0)X1, ■ ■ ■ , V?" 2+ ^ (x )x 2 n-2, tp~ 4+X (x )x2n-l, p X (x )ip~ 4 (x)x2n^ ■ 

In terms of the y-coordinates, we define an open set W{xq) by 

W(x ) = {xe V v n S e J : \y k (x)\ < a , k = 1, . . . , 2n - 1, -^ x (x ) < V2n < 0} . (3.12) 

When < ip(xo) << 1, one can apparently find a fixed small number a' > such that every 
H^(xo) is contained in some V v whenever <r < <7q. Notice that in W(x ), the set where y 2n = 
and ?/2n = —<f x (xo) coincides with the set where r(x,t) = and r(x,t) = —1, respectively, 
which represents the two boundaries of S^>. 

Define a frame Li, ■ ■ ■ , L n on H^(x ) by setting 

L k = ^(x) (Ll-r k (x)Ll) = V 2 -Hx)H(Ll),k< n, 
L n = ^~ x (x)L: 



^11 ■ 
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where 

r k = (Llr)(Ly)-\ (3.14) 

Then {L k }^ =1 forms an orthonormal frame on W{xq) with respect to the scaled Hermitian 
metric, and {L k } k l Z 1 forms an orthonormal basis for 1Z. 

If we write L\ in terms of the x-coordinates corresponding to x as 



2n-l q 

1=1 1 

d2n—l ^ 

and if we set 

E kl = e M o D~*(y), R k = r k o D~*(y), cpi 

$ = <P ° ^(2/)' = ° A^fo), 
then a calculation shows that 

In— 1 r, a 



(3.15) 



(3.16) 



L fc - r fc L n = Y] (eki(x) - r fe (x)e n ;(x)) — - r k (x) — — (3.17) 
^ dxi dx 2n 

and that the Jacobian matrix Jac(D Xo ) of .D^ is 

tp- 2+ ^(x ) ••• 

; ; ip- 2+ Hx ) o o 

••• ^~ 4+A (x ) o 

(3.18) 
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We conclude that in the ^/-coordinates of W(xq) when 1 < k < n — 1, 



$ 2 -f( y ) 9 

+ ^~tt — \( E k,2n-i(y) - RkE n ,2n-i{y))^. — 



2n-l 



Ln = o A T ErdW-fT- + 4 _w , ^n,2n-l(y)o- 



(3.19) 



i=i <P H^oJ 



2n-l 



Here 



2n-l 



^ = — (3-20) 



2n-l 



i+ E (-4)E nl (y)^My)y2n 
i=i y ' 

Observe that the diameter in the x-coordinates of W{xq) is of the quantity:0(<£> 2 ~^ (%o)) <C 
y(xo) when < <p(xo) <C 1. 

Let / G C°°(Vr(xo)), we define 

|/Lw(*o) = sup {|D«/(y)|:|a|<m} (3.21) 

yeW(x ) 

and we can extend this norm to vector fields and 1-forms by using coefficients of or dyj. 
It is easily verified that 

lim \E k i — bki\ m ,w(x ) = 0, (3.22) 
where (bki) n x2n is a constant matrix given by 

bk,2k-l = 1, bk.2k = — V— 1, fe = 1, . . . , n — 1, 
b n ,2n-l = V — l,b n o n — 1; 
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and b k i = in all other cases. Since 



]2nx2n. = <f 2 (x )[O(l)] on W(x ) when x near E, 

2n 



$ 2 -f (y) = ^(x ) + (2 - ^J* 1 "* £ £> SfcV ,(0) 



fei=l 



</? 2 2( Xo ) + (/ , 2 a(x )o(l) 

^(x )(l + o(l)) 



(3.24) 



where 9 e W^(a?o), $ 2 2 (y) is uniformly approximate the same quantity of (f 2 2 (x ). Moreover, 



1_A/ x 2n 



D,, 



D, 



(2-o 



2' ( o 2 - 2 



<P 2 (zo) fc= i 



$ 2 2 (?/) 
^"'(zo), 

(^)=(-A)^)*-^(y)B^)( 



E(^)ir = * 1 -ni/)o(i), 



(3.25) 



^-(xo)O(l). 



Since e kt2n _i(x ) = when k < n, 

E k ,2n-i{y) e kt 2n-i{x) - e fe)2n _i(0) 



0(1). 



(3.26) 



</? 2 2 (^o) V? 2 2 0o) 

Thus we can write e kt2n _i(x) — ^(^) + ^(l^l 2 ); where l' k is a linear function of x. It follows 
that 

= 



lim 

XQ—tE 



if 2+ 2(x )E kj2 n-l -l'k(Vl,---,V2n-2,0,0) 

Similarly, by a direct calculation, 



m,W(xo) 



Rk(y) 
tp 2 -i(x ) 



->0, 



(3.27) 
(3.28) 



when x — >• E, k = 1, . . . , n — 1. 

Combining all the facts above, we conclude that if k < n 



lim 



L, 







- d , d 
■1- — + k- 



dy 2 k~\ dy 2k dy 2n -i 

where l k = l' k (yi, y 2n -2, 0, 0), and that 

^-r d d 



m,W(xo) 



(3.29) 



lim 

xq— >E 



' dy 2n -i dy 2n 
11 



0. 



m,W(xo) 



(3.30) 



Write D = [dij] nX 2 n , B = [6y] nX 2n- Here dij and 6^ are as defined in (ii) of the propo- 



sition. Define D 



D 
D 



B = [ B B ]. Then D ■ B = l 2nx2n . In order to prove 



2nx2n 

{dij}i<i< n ,i<j<2n and the derivative of {^r/}i<?.<n,i<j'<2n are uniformly bounded, we only need 
to prove that the absolute value \detB\ of determinant of matrix B has a uniform lower bound. 
Let A = [a ij ] 2nX 2n where a 2i _ lyi = 1, a 2iA = < i < n - l,a 2n -i, n = \f~t, a 2 n,n = 

l,a k . n+ i = a^J and in other case = 0. Let C = [l] 2 nx2n, E = [e fc /]2nx2n, e 2n -i,k = 
l,e 2 n-i, fc +n = 1 and e kl = 0. Then from (13^91) and B = A + 0(ip 2 ~^ (x ))C + O(a )E. 

Thus det(B) = detA- det(I + O(cp 2 -^(x ))A~ 1 C + O(a )A~ 1 E). Since \detA\ = 2 n ^ 0, \detB\ 
has a uniform lower bound with respect to y G W(xq), when tp(xo) and a"o are sufficiently 
small. This proves (ii). 

Since {Li}f =1 is an orthornormal basis with respect to the Hermitian metric we have defined 
on W(xq) near E, and from f !3.29j) . ( 13 .30 j) we see that the metric tensor and any order of its 
covariant differentiation on W(xq) fl M induced from the Hermitian metric on \ E near E 
must have uniform bounds. It is easy to see that there is a constant < ko << 1 such that 
any ball in the induced metric over K \ E of radius k^a'^ is contained in some W{xq) PI M. 
From (I3.29p . f)3.30p or by what we argued above, the volume form in W(xq) fl M in terms of 
the ^/'-coordinates is uniformly bounded from above and from below by a positive constant 
independent of Xq. We thus see that the volume of the ball B^i in M with radius fia' Q and 
fi < ko has the estimate: Ci(/icro) 2n_1 < Vol^B^) < C 2 {ixa'o) 2n ~ l with C\ and C 2 two positive 
constant. 

Write W'[xq) := {y' : (y',0) G W(xo), \y'\ < o"o/2}- When <t is smaller than a certain 
fixed number, we can assume that W(xq) D M is contained in -Ey^ and W'(xq) contains 
B^H^, where < fl' < fJ < k are constant depending only on cr , but not xq. We can 
choose a family of {H^(xq,)} near E such that (1). {^'(xa)} covers K\E near E, (2). The 
distance between any two centers in the induced metric over K \ E is at least fi"<j' . (The 
existence of such a family follows from a simple construction based on the Zorn lemma). By 
the just mentioned volume estimates, one conclude that such a cover is a Besicovitch covering. 
Namely, there is a constant iVo, independent of <To, such that any point is contained in at most 
TVo-charts. Let £ Q G C™(W(x a ) fl M) be such that £ a = 1 over W'(x a ) and the differentiation 
in the y'-coordinates is bounded by 4/cr . Define £ Q = -, ^ a , . Then £ Q G C yo (W(x a ) fl M), 
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]C Q £a = 1 and lA/'&l = O(a x ). This proves (iv). 

Finally, we note that if LJ, j = 1, . . . , n — 1, are replaced by 

n-l 



k=l 



where [Ujf.] is a suitably chosen unitary matrix such that 

dBt(xy,xf)\ X0 = d lv 1 < i, j < n - 1, 



(3.31) 



where djj = 0, % ^ j; djj = dj,j < n. 

Along MnV v , we have di = + a/-!??) + \{dt - y/^rj) and ^ n = - v 7 -!^, which 
implies that along M C\V V 

dt = ^(dt + V^lr]). 

Since r fc = = t X ^~l^\ along M n W(x ), r fc = 0. This shows that along W(x ) n M, 



<p 2 -$Xlj <n- u n = ^- 4+x (x)(dt + v^Tr/) 



(3.32) 



Then 



u n ([L k ,L n })(x ) = -duj n (L k ,L n )(x ) 

= <p^ x (x )(-du n )(X?,Zd(x ) 

= -^ 6 -§ A (x ) {X^(u n ^)-Z^ n (XV)-u n ([X^,Z^\)} (x ) 
= O(/-t(x )) 



(3.33) 



and 



^([L^Xxq) = —duj n (Li,Lj)(x ) 

= -du n (if 2 ~Hxo)Xl , (x ),^~H^)X](x ) 

= ^-\x )u n ([X^Xf])(x ) 
1 

~ 2 

= ^([x 4 M7])(x ) 

= ddt(X*,Xj)(x ) 



(3.34) 
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It follows that 

oj n ([L h L]])(x ) = dij, l<i,j<n- 1, (3.35) 

and thus 

u> n ([Li,LA){y) = O(a ), i^j,l< i,j < n - 1; 

(d.ooj 

u n ([Lj,L]\)(y) = dj + O(a ), j <n 

in W(xq). Thus we obtain (iv). The proof of the proposition is complete. 

□ 

Let dV denote the volume form associated with the Hermitian metric defined before. In 
the coordinates (y±, . . . , ym) over W(xq), write dV = V(y)dy, where dy = dy± ■ ■ ■ dy<i n . Then 
we have, as mentioned before, that V(y) satisfies the following: 

|^(y)lw(*o)<ai, inf V(y) > a 2 > 0, (3.37) 

y£W(x ) 

where ai,a 2 are constants independent of x . 

We will define inner product for two functions g,h £ C°°(S^) by 



(g,h) = J ghdV. 



Let N be a submanifold of dimension In — 1 in W(xq) and let ds be the volume form of N 
that comes from Euclidean metric in (yi, . . . , y2n)~ variables. The following is the divergence 
theorem: 

Theorem 3.2. (Divergence theorem) Let D CC M. N be a smoothly bounded domain, g,h,v £ 

n 

C°°(D), V 7^ on D,dV = Vdx,dS = Vds. bj-£r is a smooth vector field, then 

I (Lg)hdV = - gThdV - / eghdV + / gh<L,n>dS, (3.38) 

JD JD JD JdD 



N 

where e = ^y- + Yl ~&r> n ^ s the outward pointing unit normal at a boundary point, and <, > 

3=1 



is the Euclidean inner product in 
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Applying the above divergence theorem to the given situation as in Catlin [Cat], one 
obtains the following: (See [Lemma 5.7, Cat]) 



Lemma 3.3. Let L\, . . . , L n be the frame constructed in W(xq), then there exists functions 
ej E C°°(W(x )) and a function P G C°°(W(x )) such that for all g,he C°°(W(x )) 

{Ljg,h) = -(g,Ljh) - (ejg,h),j = 1, ...,n-l. 

— f - f - ( 3 - 39 ) 

(L n g, h) = -(g, L n h) - (e n g, h) + PghdS - / PghdS, 

Jm Jm x 

where dS = Vds,M = {z : r(z) = 0}, Mi = {z : r(z) = — 1}. The Real part and Imaginary 
part of the function P satisfies < c < Re(P(y)) < C, \Im(P(y))\ <C 1 respectively for 
y G W(xq) with < <p(xo) <C 1. Here c and C are constants independent of Xq. Moreover, 
\ e j\m,w(x ) < C m for < <p(xq) <C 1. Here C m is a constant independent of x . 



Proof. Applying the divergence theorem above, one can see the above mentioned expressions 
hold with 

Y^db jk A dV(y) 1 



j 



! d Vk d Vk v(y) 



and 

P = T,Ji,„A = 



A I n 2n-l 



Since approaches uniformly to 1 and Xw=i 1 2/2n^ 3 x &iE n i approaches uniformly to zero 

as xq approaches E, we conclude the proof of the lemma. □ 

Now, suppose that when < (p(xo) < S\ « 1, we have constructed the special coordinates 
and special frame on W(xq) as in Proposition 13.11 Notice that the subset 



/C £1 := 5? \ ({xb(x) < ^} x [0, -1]) 



is compact in S^>. Here, as we mentioned in §2, we identify J\f eo with eo . We can then 
cover /C £l with finitely many coordinates charts. Write £ Q,q (Sf?) for the set of smooth (0, q) 
forms over S^ 1 . And write £® ,q (S^>) for the set of smooth (0, g)-forms U over S^> with support 
compact in \ E. Let £q ,9 (S^) denote the set of smooth sections of r^'^S^ ) with compact 
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support in the interior of S^>. We define the space L 2 ^(S^, ) of L 2 -integral (0, g)-forms by 

using the scaled Hermitian metric. 

Suppose U G £^ q) {S e °),U = £ Uju 1 . Then 

|J|=« 



dU = ( L j JjJ ) Zjj A wJ + order °' 



(3.41) 

d'u = -j2 Yl L i ujKujK + ° rder °- 

3=1 \K\=q-l 

Here d is the formal adjoint operator of d. We extend d and d to the L 2 -space as in the 
introduction. Then as in Catlin [Cat], define B q for a subspace of £c\SfP), whose elements 
satisfy the Dirichlet condition defined in §2 along Mq and the <9-Neumann condition along M\. 
Then Dom(T) fl Dom(S'*) fl £c°' 9 \s^) = B q . Moreover, as in the [Cat] ( Lemma 6.4 of [Cat]), 
the Hormander-Friderichs smooth lemma also holds in this setting: 
Let U E Dom(S'*) n Dom(T). Then there exists E B q such that 

lim \\U U - U\\ + \\S*U U - S*U\\ + \\TU U - TU\\ = 0. (3.42) 

fl — ^oo 

Hence, in what follows, we need only to prove the estimate in our main theorem for U G B q . 



4 The L 2 -estimate for the operator T near the corner E 

In this section, we establish the estimate near E for forms in B q . We follow the known procedure 
to compute the the Q norms as in [FK] [H61] [Cat]. In particular, we follow the computation 
in Catlin [Cat] and make the needed modification to fit our situation here. 

We first suppose U G B q with supp(?7) a compact subset of W{xq) for some x G M with 
<p(x ) 1. Then 

n 

TU = dU= J2(L~j uJ P jJ + order 0, 
S*U = - L i ujK u K + order 0. 

\K\=q-l j=l 
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Define 

Q{U,U) = \\TUf + \\S*U\\ 2 . 

Let 

n 

\J\=i i =1 



(4.2) 



BU = - Yl E L ^' 

\K\=q-l j=l 



Immediately, we get 

2|| 1 S*f/|| 2 + 2\\TU\\ 2 + C ||f/|| 2 > ||AC/|| 2 + \\BU\\ 2 , (4.3) 
where Co is a constant just depend on the coefficients of Lj and Uj and independent of xo and 

Notice that 

\J\=qj=l \K\=q-lj,k=l 

with (j, J) 7^ (n,Kn), (j,k) ^ (n,n). Here the statement that (j, J) 7^ (n,Kn) means that 
we exclude those terms where j = n and n e J. We also notice 

rt 

||£?t/|| 2 = ^ L 3U jK ,L k U kK ). (4.4) 

3,fc=l 

To compute ||A£/|| 2 + ||t3?7|| 2 , we follow the computation of Catlin in [pp504-506, Cat] as 
follows: 

First we calculate ||.B£7|| 2 by several steps. Notice that if (j, k) 7^ (n, n), \K\ = q — 1, then 

(L k U kK , LjU jK ) = (LjU kK , r k W K ) + (e]L k U kK , W K ) f t ^ 

(4.5) 

- (e k L,U kK \ W K ) + ([L k , Lj]U kK , W K ). 

Define 

l(u)= Yl \\ L nU nK \\ 2 + E ii^ir+EEdi^'^ii'+n^i 2 )- ( 4 - 6 ) 

\K\=q-l \J\=qMJ 3 = 1 \J\=q 
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From (13. 6 p and by the standard big-small constant argument, it follows that 

\(e]L k U kK ,Ui K )\ < ^L^+CJioWW 2 . (4.7) 
A 

Since 

\(e k T,U kK ,W K )\ = \(e]e k U kK ,W K ) - (e k U kK , L^ K ) - (L 3 (e k )U kK , U jK )\, 

we get 

\(e k L j U kK ,W K )\ < ^-L^+C.KoWUW 2 . (4.8) 

Here Ko,CjS are constants independent of the choices of xq,U; which may be different in 
different contexts. A is supposed to be sufficiently large. Notice that 

n n 

([L k ,L]]U kK , W K ) = J2(CijLiU kK , TP K ) + J2( d ijLlU kK , U^ K ), (4.9) 

i=i i=i 

where 

C^. = o; l ([L fc ,I-]),^=^([L fc ,I-]) 

(a) If i < n, then 

\{C\ d UV kK ,W K )\ + liAfiU**, W K ) I < ^L(U) + <7 1 A ||[/|| 2 . (4.10) 

(b) If i — n, k — n, and j ^ n 

\{C^L n U nK \U jK )\ < Q-L(U) + C 1 A ||f/|| 2 , (4.11) 

A 

Hence, the remaining terms to be estimated include the following: 

\K^U nK ,W K )\ (4.12) 

(c) If % — n, j = n, and k ^ n, we have 

\(d n kn T n U kK : U nK )\ < ^L(U) +C 1 A' ||f/|| 2 . (4.13) 
Thus it suffices to estimate: 

|(C^L n tf fc *,tr*)l (4.14) 
As in Catlin, we use the following result on the standard uniform sub-elliptic estimate to 
handle it: (See [CS], for instance) 
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Lemma 4.1. Let f2 be an open neighborhood of the origin in W 1 . Let X,, l<i<k,k<n be 
vector fields with smooth real coefficients. Denote L\ to be collection of the X?, 1 < i < k and 
£2 to be collection of L\ and the vectors of the form [X, Y] with X,Y G £±. If C 2 span the 
tangent space offl, then there exists C > such that 

IM|| < c \\ x * u \\ 2 + Nl 2 j » u e ( 4 - 15 ) 

Here C only depends on the coefficients of the vector fields. 

From Lemma |4~T1 and the uniform estimate of the coefficients of vector fields {L{\^ =1 , there 
exists a constant C 2 , which does not depend on xq, such that for all / G C%°(W(xo)), 

71-1 

lll/IHl<^^(||L fe /|| 2 +||W|| 2 ) + C 2 ||/|| 2 (4.16) 
2 z — ' 

k=l 

Here we define 

= f I \m,y2n)\ 2 (i + \t\ 2 ) s dt 1 ---d& n „ l dy 2n ,seR 

J-<p x (x ) Jm 2 "- 1 

Lemma 4.2. Suppose U G B q (S^) and supp U CC W{xq) with < <p(xo) <C 1. TTien 

1(0^17** CP*) I < ^(f/)+C 3 K ||f/|r, fc^n, (4.17) 

\(d n nj L^U nK ,Ui K )\<^L(U)+C 3 K \\U\\ 2 , j^n. (4.18) 

Proof. We follow the proof of [Lemma 7.8, Cat]. In Catlin, a useful fact is that the domain 
can be uniformly shrunk toward M, that helps to get such types of estimates. In our situation, 
the domain is fixed. However we go close and close to E such that the quantity \C^ n \w( X0 ) — 
O(ip 1 ~^(x ) + a ) is sufficiently small when < (p(x ) <C 1, <r <§C 1 to get the desired estimates. 
Write L n = (L n y 2n )(L n y 2n )L n + L n , then L n (y 2n ) = 0, and 

~ L ~%{ L ^-(&Mh (419) 
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L n y 2n _ 1-4 Ta=i 1 ■^^ ) y2nE n i{y) 

Let L n = Y,fji Then (M)' (MJ) give that 

|fli(!/)|n+i J w(*o) = O(^ 2 "^(x )), j < 2n - 1 

|a2n-l(j/)|n+l,W(a,0) = 0(1), \C£ n \ W(xo) = 0(^ 1_ ^(Xo) + <X ). 



(4.20) 



(4.21) 



Then 



Now 



(C% n L n U kK , U nK ) = (c% n !fi^-L n U kK , U nK ) + (CJt n L n U kK , U nK ). (4.22) 

V L n (y2n) J 



2n ~ 1 BU kK 
{C n kn L n U kK \U nK ) < \C% n \ w{xa) \\\ aj (y) 



i=i dV] (4.23) 



<{2n-l)\C n kn \w {xo ) sup {\D a ajl\a\<T}\ 
yeW(x ) 



|2 

2 



where T > n + 1. On the other hand, since ||L n ?7 fcX || < L{U) then 

(cZ n ±d^r n U kK , C/^ < §^([/) + C 3 K ||f/|| 2 , fc < n. 
V L n (y 2n ) J a 

Notice that we can make ICfcJwfco) sufficiently small by letting xq close to Combining 
(14.161) . (14.231) and the just obtained estimate, we conclude the estimate in (14.171) . The proof 
for (I4.18P is similar. □ 

(d) If % = n, and 1 < j, k < n — 1, we need to control the following terms: 

(C^L n U kK , U* K ), (d n k ^U kK , W K ). 

For n G K, it holds that 



|C£Lnl7** r/**)| < ^L(U)+C 2 K \\U\\ 2 . (4.24) 



When n ^ K, we have 



|(^X n [/ fc * f/^)| < ^L(/7) +C 2 /i ||(7|| 2 . (4.25) 
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The only remaining two cases are (i): For n (jL K, we need to control 

in 



(C^L n U kK ,U^ K ) 



and (ii) For n G K, we need to control 



(d n kj L n U kK ,W K ) 



Since C^(y) = u n ([L k , Lj])(y) = d kj (x ) + O(a ),dl j (y) = -d kj (x ) + O(a ), thus 



(C^L n U kK , W K ) = d kj (x ){L n U kK , W K ) + (O(a )L n U kK , W 



K N 



Define: 



E(x ,f/,Ko) = ^(f/)+A'o||f/|| 2 + ( To / |f/| 2 dS + a / 



(4.26) 



Mo 



Mi 



When n (jL K, integrating by part, we get from (I4.26P 



(C^L n U' K 7 W K ) = -d 3 (x ) / P\U> K \ 2 dS + O(E(x ,U,K )), 



Mi 



(C"L n U kK , W K ) = O(E(x , U, K )). 



(4.27) 



When n G K, integrating by part, we get from (I4.26P 

(d^U^, U jK ) = -dj{xo) I P\W K \ 2 dS + O{E{x , U, K )), 

T TTkK TTjK\ _ r 
L kj J 



(4.28) 



(d n kj L n U kK , U jK ) = O(E(x , U, Kq)). 



Then 



n-l 



\\AU\\ 2 + \\BU\\ 2 = \\LnU J \\ 2 + E II^^T + EE 

\J\=q,n£J \K\=q-l j=l \J\=q 



J\\2 



EE d ^ I P\U J \ 2 dS+d j {x ) [ P\U J \ 2 dS 

\J\=q j£J L J Mo J Ml 



O(E(x ,U,K )) 



n-l 



E \\L~nU j \\ 2 + E ii^T + EEii^ii 2 

\J\=q,ngJ \K\=q-l j=l \J\=q 

VV d^olf Re(P)\U J \ 2 dS + d j (x ) [ Re(P)\U J \ 2 dS 



\J\=qjeJ 

+ 0(E(xo,U,K )) 



(4.29) 
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Making use of the sign condition on the Levi forms and by a standard argument (see [pp 62, 
FK], for instance), we obtain from the above 



\\AU\\ 2 + \\BU\\ 2 > c (l(U) + / \U\ 2 dS + / \U\ 2 ds] + O{K \\U\ 



(4.30) 



Hence, there exist positive constant c, C, both are indpendent of the choices of Xq, U, such 
that 

\\AUf + \\BU\\ 2 > cL(U) - C\\U\\ 2 . (4.31) 

The following Lemma from Catlin is a fundamental fact which the mixed boundary con- 
ditions enters the estimate, which is Lemma 7.7 of [Cat], with ex 3 being replaced by ip x (xo). 

Lemma 4.3. Suppose f G C^°(W(xq)) with tp(xo) <C 1, and f vanishes either on Mq or M\, 
then there exists a constant C\ independent of x and U, so that 

n-l 



V,- A (x )||/|| 2 < d x \\L n ff + £ {\\L k f\\ 2 + \\L k f\\ 2 ) 

) _ c (4-32) 

^ A (x )||/|| 2 < C, \\L n f\\ 2 + £ {\\L k f\\ 2 + HWII 2 ) 



k=l 



Combining this Lemma [4.31 with (I4.3ip . one proved Part 1 of the following theorem: 

Theorem 4.4. (1). There exists a constant < £2 <C 1 independent of xq and a constant C 
independent of Xo and 62 such that if < y? A (xo) < £2 and U G B q with supp U CC W{xq), 
then 

y- x {x )\\Uf < C (\\TU\\ 2 + \\S*U\\ 2 ) . (4.33) 
(2). There exists a small neighborhood V c of E in such that for any U G B q it holds that 

[ \U\ 2 dV <\\TU\\ 2 +\\S*U\\ 2 + [ \U\ 2 dV. (4.34) 

JVc JS^\Vc 

Proof. Let V c = {(x,t) G Af t0 H S^> : < ip x (x) < e 3 }, e 3 < e 2 . Let {W(x a )}, be as in 
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Proposition 3.1 (iv), where {ty(x Q )} is a Besicotvich cover of V c for e 3 sufficiently small. 

/ \u\ 2 dv = J2[ ie^iw<v/ \^M<cy2v x M(\\n a u\\ 2 + \\s^ a u\ 

JVc a JV C a JW{x a ) a 

<CT V \x a )(U a TU\\ 2 +U a S*U\\ 2 ) + C^y2v\x a ) [ \U\ 2 dV 

a a JW(x a ) 

< Ce 3 (\\TU\\ 2 + \\S*U\\ 2 ) + Ce 3 ^N [ \U\ 2 dV. 

a o JsS> 



(4.35) 

Here the Nq is as in Proposition 3.1. When £3 is sufficiently small such that m&x{Ce3, Ce-^Nq] < 
|, then we get 

\U\ 2 dV < \\TU\\ 2 + \\S*Uf+ I \U\ 2 dV. (4.36) 

v c Js$>\v c 

□ 



5 Proof of Theorem 12.1 



We now give a proof of Theorem 12.11 We use the notations set up above. By the Hormander- 
Friderichs approximation theorem mentioned in the end of §3, we need only work on forms in 
B q . 

Let V Cl = {(x,t) G Af eo fl S^> : ip x (x) < £4} with £4 < £3 be a smaller neighborhood of the 



corner E in with V r , CC V r . Let 



M Ci0 = M \ V c , M Cl! o = M \ V C1 . 

Suppose that there exists a tubular neighborhood Af Cl of M Cl)0 in X and a C°° map $ C1 such 
that $ C1 : 7V C1 -> M C1)0 x (-2,2) is a diffemorphism. Let £ C1 = $ Cl!|t (T 1 ' A/' Cl ), where T 1 ' Q M C1 
is the holomorphic tangent bundle of A/" C1 . Write Q Cl = M Cl x (—2,2), then (f2 ci ,£ ci ) is a 
complex manifold biholomorphic to {J\f Cl ,T 1,0 H Cl )- Also M Clj0 is a hypersurface in (fi Cl ,£ Cl ). 
In what follows, as before, when there is no risk of causing confusion, we identify M Cl with 
Q Cl and objects defined over Af Cl with those corresponding to Q Cl . We define two subdomains 
of jV Cl as follows: 



23 



S c ,e = M Ci0 x [-e 3 ,0],S Cue = M C1 , x [-e 3 ,0], 
M Cj£ := M Cj0 x {-£ 3 },M Clj£ := M Cl , x {-e 3 }. 

We can assume that S cue is contained in J\f ci D S^, by making e sufficiently small. First, we 
choose a finite cover {K,}^ of M Cli o- With the same argument as in Proposition 3.1 (iv) we 
can assume that for any x G M c0 , there is a coordinate neighborhood V(a?o) = {(sc', a?2n) G 
M C1)0 x [-e 3 ,0] : x' = (xi, • • • ,x 2n -i), |xi| <£,••, |a?2n-i| < £, < ^2n < 0} with V(x ) 
contained in a certain V v when £ is sufficiently small, where Xq corresponds to the origin 
and (xi, ■ ■ ■ ,x 2n -i) is the coordinates of V(x ) D M Cl . There exist a special orthnormal 
frame {Lj}™ =1 and its dual frame {u)i}™ =1 satisfying the type of estimates as in Proposition 
3.1. Let U G £c (SfP) with compact support in one of the above constructed coordinate 
neighborhoods V(xq) such that it satisfies the Dirichlet condition on M Cl and Neumann 
condition on M cij£ . Then by a similar argument, there is a constant C\ independent of Xi and 
U such that 

e- 3 \\U\\ 2 ^CM^U) (5.2) 

for e sufficiently small. Also, we can find a set J such that {V(xj)}j e j is a covering of S c>£ . 
Moreover, V(xj) CC S cie and there exists an integer N, independent of e, such that no point 
of S c>e lies in more than N V(xj)s. We choose functions pj G C£°(V"(:Ej)) such that YljeJ Pj = ^ 
in a neighborhood of and \pj\iy( Xj ) < Ci£ _1 , where c is a constant independent of Xj. Then 
for all U G £c (Sf?) which has Dirichlet condition on M Cl) o and Neumann condition on M Cli£ , 



we have 



£" 3 



/ \U\ 2 dV<e- 3 J2 [ \PjU\ 2 dV<C x Y,Q{PiU,PjV) 

JS c ,e j&J JV{x 3 ) j&J 

<C 1 Q(U,U) + ^^ [ \U\ 2 dV 

6 Js ai>e 



(5.3) 



Thus 



/ \U\ 2 dV <C 1 e 3 Q(U,U) + C 2 clNe ! \U\ 2 dV. (5.4) 
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(1 - C 2 ~c{Ne) I \U\ 2 dV < C^QiU, U) + C 2 c\Ne j \U\ 2 dV (5.5) 

First, we choose e such that 1 — C 2 c 2 Ne > |, then 



\U\ 2 dV<2C 1 e 3 Q(U,U)+2C 2 c 2 1 Ne I _ \U\ 2 dV < 2C 1 e 3 Q(U,U)+2C 2 c 2 1 Ne \U\ 2 dV 

(5.6) 

Next, let 

M Cjl = Mi n \ VQ, M cijl = Mi n (^° \ V C1 ). 

By the same construction as above we can find a small neighborhood T Clt£ of M Cl l in 5"^° which 
is biholomorphic to M Cl .i x [0,e 3 ]. We similarly write 

T c ,e = M Cil x [0,£ 3 ],T C1:£ = M Cljl x [0,e 3 ] 

M c ,o = M C)1 x {0}, M c , £ = M Cjl x {e 3 } (5.7) 
M cl ,o = M ciil x {0}, M cii£ = M C1:1 x {e 3 } 

For all xq G M c0 we choose a coordinate neighborhood l^(xo) = {(x',x 2n ) G M Cl x [0,e 3 ] : 
x' = (xi, ■ ■ • ,x 2n _i), <£,••■, |a?2n.-i| < £ ; < a; 2n < £ 3 }, where x corresponds to the 
origin and (x±,-- - , a^n-i) is the coordinates of V{xq) D M c ,o- There exist a special frame 
{Lj}" =1 and their dual frame {tUi}f =1 , that satisfy good estimates as in Proposition 3.1 with 
L n (x 2n ) < on V(xq), when e is sufficiently small. Moreover, 

u n ({L i ,L~})(x) = d ij (x ) + O(e),l<,i,]<n-l, (5.8) 

where dij(x ) = when i ^ j, dij(x ) = dj(x ) when % — j and dj(x ) are the Levi eigenvalues 
of Mi with respect to the domain. Notice that we now have P = —L n (x 2n ) > on V(xq), 

(C%L n U jK , U jK ) = djix ) [ P\W K \ 2 dS + O(E(x , U, K )) (5.9) 

J M ci ,e 

when n G K and 

(dlT;W K , W K ) = djixo) [ P\U jK \ 2 dS + O(E(x , U, K )) (5.10) 

Jm Ci ,o 

when n G" K. 
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Then the principal part of the Q(U, U) has the following expression: 



n-l 

J II 2 



||A[/|| 2 +||M/|| 2 = W L nU J \\ 2 + £ W L nU nK \? + YsHW L i U 

\J\=q,ngJ \K\=q-l 3=1 |J|=g 



EE 

|j|= 9 ie J 



dj(x ) / P|C^ J | 2 dS , + d j (x ) / P\U J \ 2 dS 



+ O(E(x 0l U,K )) 
(5.11) 

Integrating ||Lj£/ J || 2 by parts, we get for n G J 

||Z~£/ J || 2 = W^f - djixo) [ P\U J \ 2 dS + O(E(x ,U,K )); (5.12) 



and 

\\TjU J \\ 2 = \\LiU J f - dj(x ) I P\U J \ 2 dS + O(E(x ,U,K )), (5.13) 

Jm c1 ,o 

for n ^ J. When n (jL J, 



n-l 



El|L J ^|| 2 >(l-e 1 -, 2 )E||L J ^|| 2 + e 1 ll^f + ^Ell^H 2 ( 5 - 14 ) 

3=1 3=1 dj(x )<0 3=1 

where e\ is sufficiently close to 1 and e 2 is sufficiently small. 

d £ ||I-^f = ei £ £ di(xo) / P|tf J | 2 d£ (5.15) 

djOo)<0 dj(a:o)<0 dj(x )<0 ■'•Mci.O 

If N~(Mi) > q + 1, there exists jo ^ <^ such that dj (xo) < 0. Hence 
(-ei) ^2 dji^ + ^djixo) > (-ei)d jo (x ) + (-e 1 ) £ d j (x Q )+ £ dj(x ) > 

dj(x )<0 J jeJ,dj(x )<0 jeJ,dj(x )<0 

(5.16) 

for ei is sufficiently close to 1. 

If N + (Mi) > n — q+ 1, there exists ji G J such that ^(xo) > 0. Then 

(-e x ) £ dj(xo) +y]dj(gp) > ^(xo) + (-ex) £ ^(x ) + £ dj(x ) > 

dj(a;o)<0 jeJ jeJ,dj(x )<0 jeJ,dj(x o )<0 

(5.17) 

26 



for €i sufficiently close to f . The case for n e J is done by the same method as above. 

Now let U G £® ,q (S^) satisfy the Dirichlet condition on M Ci e and Neumann condition on 
M Cl ,o- Assume also that U has a compact support in some V(xq). If either N~(M\) > q + 1 
or N + (Mi) > n — q+1, then when e is sufficiently small, one similarly has the L 2 -estimate as 
follows: 

£~ 3 \\U\\ 2 < C 3 Q(U,U). (5.18) 

Here the constant C 3 is independent of U and xq. Then choosing a family of V(x a ) which is a 
Besicovitch covering of T c , e and using a partition of unity with property as in Proposition 3.1 
(iv)with respect to such covering we can obtain 



f \U\ 2 dV <2C 3 e 3 Q(U,U)+2C 4 c 2 2 Ne [ \U\ 2 dV < 2C 3 e 3 Q(U,U)+2C 4 c 2 2 N£ [ \U\ 2 dV 

JTc,, JT cl ,e\Tc,e JV C 

(5-19) 

for some constants C 3 , O4, C2 which do not depend on U. 

We choose a cutoff function \e such that Xe = 1 i n a small neighborhood O e of M Cl U 
M ci; i U K 1 and Xe equals to zero near M C1)E and M CUE . Then there is a neighborhood V Ci o i£ of 
M c in S'c e such that when Xe restricted to K,o,e equals to 1. Then 

/ \U\ 2 dV<[ \ Xe U\ 2 <2C 1 e 3 Q(xeU,XeU) + 2C 2 c 2 1 Ne [ \ X eU\ 2 dV 



< 2Ci£ d Q(f/, t/) + (7(e) / |C/| W + 2C 2 £fiVe / |C/| W. 

JK e Jv c 

(5.20) 

Where (7(e) is a constant depending on e and is the compliment of O e in the domain, 
which is a compact subset of S e ° . 

Similarly, there is a neighborhood K,i,e of ^c,i i n %,e such that Xe is identically one when 
restricted to V c>lt£ . Then 

/ \U\ 2 dV < [ \x £ U\ 2 < 2C 3 e 3 Q(xeU, XeU) + 2C 4 c 2 2 Ne [ \ X eU\ 2 dV 



<2C 3 e 6 Q(U,U) + C(e) \U\ 2 dV + 2C 4 c^Ve / \U\ 2 dV. 

<K E Jv c 



(5.21) 
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Thus 



/ \U\ 2 dV+ [ \U\ 2 dV + f \U\ 2 dV 
Jv c Jv c ,o, E Jv c ,i,e 

<(l+AC 1 e 3 + 4:C 3 e 3 )Q(U,U) + 2C(e) [ \U\ 2 dV (5.22) 

+ [ \U\ 2 dV + {AC 2 cl + AC 4 c 2 2 )Ne( \U\ 2 dV 
Jk* Jv c 

where K* = \ {V c U V Cj o, £ U V^,i, £ } which is a compact subset of S^. We choose e such that 
{AC 2 c\ + 4C A c 2 2 )Ne < §, then 

/ \u\ 2 dv+ I \u\ 2 dv+ I \U\ 2 dV 

Jv c Jv cfi , s Jv C:he (5 23) 

< (2 + 8C!£ 3 + 8C 3 e 3 )Q{U, U) + 4C(e) / \U\ 2 dV + 2 \U\ 2 dV 



K e JK, 



Let 14,0,1 = 14 U 14,o, £ U V c ,i,e, F = K e U K*. Applying the approximation theorem by the 
smooth forms as mentioned at the end of §3, thus we complete the proof of Theorem 12. II The 
proof of Corollary 12.21 follows from Theorem 12.11 by the standard argument as in Hormander 
[Hoi]. 

Remark 5.1. From the proof of the main theorem, we actually obtained the following stronger 
estimate containing the boundary term for U G £® ,q fl Dom(T) n DomS 1 * : 

/ \U\ 2 dV+ [ \U 2 dV <C [Q(U,U)+ [ \U\ 2 dV j , (5.24) 

where K is a certain fixed compact subset of S^> . Other related sub-elliptic estimates will be 
discusses in [Li]. 
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